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ABSTRACT 
In this paper we solve the problem proposed by Xiao about the existence of surfaces with pp = 4. 
K$ = 9 and canonical map composed with a pencil [X4]. In fact we show that such surfaces do not 
exist. As a consequence of our non-existence result we obtain the new bound Ki > 4p, - 6 where X 
is a minimal surface of general type with canonical map composed with a pencil andp,(X) 2 3. 
I. INTRODUCTION 
Let X be a minimal surface of general type and let Kx be a canonical divisor on 
X (i.e. the divisor of a regular 2-form). The canonical map @\~~l is the rational 
map given by XH (so,. . . ,SN) where (so,. . . , SN) is a basis of the space of sec- 
tions H’(X,Kx). One says that +,I is composed with a pencil exactly when 
the image of @IKx, is a curve. This assumption forces some inequalities between 
the two basic numerical invariants of X, the self-intersection K$, and the hol- 
omorphic Euler-Poincare characteristic X(X) = 1 - q +p, where pg = N + 1, 
q = h’(X, Kx). 0 ne has Ki 2 3p, - 6 [Be2, Lemma 5.31 whereas in [Kl, Cor- 
ollary 3.41 Konno proved: 
Theorem. If X is a minimal surface with canonical map composed with a pencil 
then K$ 2 4p, - 7; 
*Research carried out under the EC HCM project AGE (Algebraic Geometry in Europe), contract 
number ERBCHRXCT 940557. 
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but, as he pointed out, the cases with Ki = 4p, - 7 can occur only for pg 5 4; 
see also [Hol, Theorem 1.21. Of the three remaining cases pg = 2,3,4, the case 
pg = 2 is well known [En, VIII, 14, pp. 303-305, cf.], also [Bo]. In fact they are 
the only surfaces with @I~~,~/ not birational. In this paper we analyse the re- 
maining two cases, pg = 3, pg = 4 and we find that they do not occur. We also 
remind the interested reader that the non existence of surfaces with ps = 4, 
Ki = 9 and canonical map composed with a pencil was proposed as an open 
problem by Xiao in [X4] and it is necessary to classify surfaces such that the 
canonical linear system induces a gi on a canonical curve (see [PO] for the first 
step of this theory and also [Su] for the notion of canonical fibrations). Our 
main result is: 
Theorem A. If A’ is a minimal surface with pn > 3 and canonical map composed 
with a pencil then Kj > 4p, - 6. 
It is important to remark that the above bound is sharp; in the sense that there 
exist infinitely many values p of pg such that there exists a surface with 
4p - 6 = Kj and canonical map composed with a pencil [Xl, Corollaire 3, 
p. 731. We can exclude the case withp, = 3 and Ki = 5 through a nice theorem 
of Debarre [De, Thioreme 6.11; but the case with pg = 4 and Ki = 9 requires a 
very careful analysis. In fact to prove our non existence result we show that if 
such a surface X existed then the relative canonical model (with respect to the 
canonical pencil) would yield a non-normal model, Y, of X living in a P’- 
bundle on P’. The desired contradiction follows from the inspection of the 
equation of Y which does not allow the required singularities. Furthermore our 
computational proof gives an idea of the strong restrictions which are, in gen- 
eral, imposed on X when Qll is composed with a pencil (see Definition 2.3) of 
curves of genus 3. To these last considerations is related the improvement of 
another estimate in [Be2, Remarques 5.41 (see also Proposition 2.6). 
Proposition B. Let X be a minimal surface with canonical map composed with a 
rationalpencil of curves of genus g > 2. If q = 1 then Ki 2 4p, - 3. 
The author is grateful to Professor F. Catanese for suggestions and stimulating 
discussions on this subject. 
Conventions. Let X, S denote nonsingular projective surfaces over C of general 
type, let B be a smooth projective curve over C of genus b and let f : S -+ B be a 
proper surjective holomorphic map. We put F, = f ‘(t) as divisor, where I E B. 
We call F, the fibre of f over t. If R is a divisor on X, we denote by 
H’(X, Ox(R)) or H’(X, R) the cohomological spaces associated to the sheaf 
Ox(R). Moreover /z’(R) = dim@ H’(X, R), IRI is the set of effective divisors 
linearly equivalent o R, @/RI : X- -+ P h”(R1-’ is the rational map associated to 
(RI, KX or K is a canonical divisor, that is a divisor such that Ox(Kx) = Qi, 
q = h’(X,Kx.),py(X) =pn = h”(X, K,y). 
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q+Yl : X- + @lKx((X) = C is the rational map induced on the image by 
QYl; in this article C will always be a curve. A (-n)-rational curve E c X is a 
rational curve such that E’ = - n. An effective divisor R is called m-connected 
if RI RZ > m for each effective decomposition R = RI + Rz. In this article X is 
always minimal and it has always canonical map composed with a pencil (see 
Definition 2.3). 
2. SURFACES WITH CANONICAL MAP COMPOSED WITH A PENCIL 
In this section we collect some general results and definitions that we will use in 
the rest of our paper. 
Definition 2.1. We callf : S + B a fibration if every F is connected. 
IfJ’ is a fibration then, with the exception of finitely many, the fibres F are 
smooth (cf. [Ha, 111.10.71) and all the fibres have the same arithmetical genus g 
(cf. [Xl, pp. l-31). 
Definition 2.2. A fibrationf : S + B is relatively minimal if every F contains 
no (-1)-rational curves. 
Definition 2.3. Let X be a minimal surface, we say that X has canonical map 
composed with a pencil if @l~~l (X) = C is a curve. 
Let S -% X be the elimination of the base points of the mobile part of (KX]. 
After performing the Stein factorization (see [Ha, 111.11.5]) of the morphism 
C$K~ o CT we obtain a jibration ,f : S -+ B such that the following diagram 
commutes: 
SAX 
fl 1 
B 2 C. 
We callf the fibration induced by 4iElXj or canonical fibration. 
Moreover 
l&l = z + If*(@l 
where Z is the fixed part of ]&I and S is an effective divisor on B. The next 
theorem is a crucial result of the general theory. 
Theorem 2.4. Let X be a minimal surface of general type with pg > 2, canonical 
map composed with a pencil and let S 5 B be the$bration induced by $1~~1, then 
there are only thefollowing two cases: Case (A) q = b = 1 or Case (B) b = 0 and 
q 5 2. 
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Proof. See [X2, Theoreme p. 2511. Cl 
We will also need the following two results respectively for the case (A) and (B): 
Proposition 2.5. In the same hypothesis of Theorem 2.4. Suppose that b = 4 = 1 
then 
(1) ifg = 2 then K$ 2 ipg and ifpg > 3 then K$ 2: 4p,. 
(2) Ifg L 3 then K: 2 (4g(g - 1)/(2g - 1))~~. 
Proof. If g = 2 see [Xl, Corollaire 1, p. 721, otherwise see [Kl, Theorem 
3.11. Cl 
The case (B) of the theorem has more subcases. We recall that if b = 0 we can 
write: 
l&l = I(pg - 1Pl + Z’ 
where D = a,(F) and Z’ = O*(Z) (cf. [Be2, b), p. 1231). 
Proposition 2.6. In the same hypothesis of Theorem 2.4. Assume that b = 0. 
(1) Ifq = 1 then Ki 2 4p, - 4 with equality holding only ifthe Albanesepencil 
is hyperelliptic. 
(2) IfD* = 0 then Ki > (2g - 2)(pg - 1). 
(3) Zf D* > 0 then K$ > max{D*(p, - l)*, (2g - 2 - D2)(pR - 1)). In par- 
ticular K$ 2 2(g - 1)(1 - l/pg)(pg - 1). 
Proof. See [Kl, Lemma 3.31. 0 
All these bounds can be improved if the fibre F has genus g = 2. In particular 
we will use: 
Proposition 2.7. Let X be a minimal surface of general type with pg > 3 and ca- 
nonical map composed with a pencil of curves of genus 2. If b = 0 then Ki > 
4p, - 6. 
Proof. See [Xl, Corollaire 1, p. 721. Cl 
In [Kl] Konno showed that if X is a surface with canonical map composed with 
a pencil then Kj > 4p, - 7. However, as he pointed out, the cases with 
Ki = 4p, - 7 can occur only for pg 5 4. We now show another proof of this 
fact. 
Proposition 2.8. Let X be a minimal surface of general type with canonical map 
composed with a pencil. If ps > 5 then Ki > 4p, - 6. 
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Proof. We assume Kj < 4p, - 7 and we show that this leads us to a contra- 
diction. By Proposition 2.5 we have b = 0 then I&] = ](pg - l)O] + Z’. Since 
](pg - l)O] is th e mobile part of ]lvx] then DZ’ 2 0 and since X is of general 
type then &Z’ 2 0. Thus (pg - I)DKX < K$ 5 4(p, - 1) - 3. In particular 
KxD < 3. If KxD = 0 or 1 we easily obtain a contradiction. If KxD = 3 then, by 
adjunction, D* is odd and we have 3 = (pg - l)D* + ZD 2 pg - 1. a contra- 
diction. If KxD = 2 by the same argument we have D* = 0 and D has g = 2. 
This contradicts Proposition 2.7. q 
The case with pg = 2 and K; = 1 is well known (see the introduction). We can 
exclude the case with pg = 3 and K$ = 5 using an interesting theorem of De- 
barre on irregular surfaces [De, Theorem 6.11. 
Proposition 2.9. Do not exist minimal surfaces with pg = 3, Ki = 5 and canoni- 
cal map composed with a pencil. 
Proof. Ifp, = 3, K$ = 5, then X is of general type (cf. [Bel, Proposition 1X.11). 
Moreover by [De, Theorem 6.11 q = 0. In particular b = 0 and since pg = 3, we 
have KX z Z’ + 20. We consider few cases. 
If D’ > 2 then as in Proposition 2.8 we have Kj = (Kx + 2D)Z’ + 4D2 2 8. 
If D2 = 0 then D is smooth. We have two subcases. If g(D) = 2 then by 
Proposition 2.7 Ki > 6. If g(D) 2 3 then by Proposition 2.6 (2), K$ 2 8. Finally 
if D’ = 1 then by adjunction (Kx + D)D = (Z’ + 3D)D = Z’D + 3 is even, so 
Z’D > 1; thus 
K; = KXZ+2DZ’+4D2 > 2+4=6. 
3. SURFACES WITH p8 = 4. K; = 9 AND eIK,, COMPOSED WITH A PENCIL 
We recall a structure theorem on surfaces with pg = 4, Ki = 9 and canonical 
map composed with a pencil. 
Proposition 3.1. Let X be a minimal surface with pg = 4, Ki = 9 and canonical 
map composed with a pencil Q. Then Q is a rationalpencil of curves ofgenus 3 with 
an isolated simple base point and Kx = 30 with D E Q. Moreover the general D is 
nonhyperelliptic and every C E Q is 2-connected. 
Proof. See [CFM, Proposition 1.71. Cl 
Lemma 3.2. We use the notations of Proposition 3.1. Let S % X be the blowing up 
of the simple base point of IDI, E the exceptional line. F the proper transform of D. 
The following facts holdfor S: 
(i) FE = 1 and F2 = 0. Moreover VF E IF( there exists PF E F such that 
FnE= {Pr}. 
(ii) JKsl = 4E + 13F1. 
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(iii) VF E (FI, WF = &(~PF). 
(iv) The rational pencil IFI induces a relatively minimal$bration f : S --f P’ 
with$bre F of genus 3. Moreover the generic F is nonhyperelliptic. 
(v) If F is reducible then F = DO + cy=, niDj where DO is irreducible and re- 
duced, nj is a positive integer, Dj is a -2 rational curve ijj > 0. Moreover DOE = 1 
andEDj=Oforj= l,...,n 
(vi) Every F is 2-connected. 
Proof. (i), (ii), (iii), (iv) follow easily by Proposition 3.1. 
(v) Suppose that F is reducible. Since E is a section off there are not mul- 
tiple fibres, then F is l-connected. Since FE = 1 there is only one irreducible 
reduced component Do of F such that ED0 = 1. Let Dj be another irreducible 
component. Since Ksej = (3F + 4E)D, = 0, by Zariski’s lemma (cf. [BPV, 
Lemma 8.21) and by the genus formula we have only the case pa(Dj) = 0, 
D; = -2. 
(vi) Let A and B be two non zero effective divisors such that: F = A + B and 
AB = 1. Moreover since F + E G a*(D) and FE = 1 we can suppose that 
EA = 1 and EB = 0. Since AB= 1 then a,Aa,B= cr*(a,A)a*(a,B) = 
(A + E)B = 1 but this contradicts the 2-connectedness of D. 0 
We will also use the following general result: 
Proposition 3.3. Let F be a 2-connected curve on S. Then lw~[ is basepointfiee. 
Proof. See [CFM, Proposition A.71. 0 
The irregular case 
Proposition 3.4. There does not e_xist an irregular surface with pg = 4, K‘G = 9 
and 1 Kx 1 composed with a pencil. 
Proof. By Proposition 3.1 the base of the pencil is P’ and by Theorem 2.4 we 
have only the two possibilities: q = 1 or q = 2. 
By Proposition 2.6 (1) the case q = 1 is impossible. Therefore we are going to 
assume q = 2. 
Remark. If the Severi’s conjecture (see [Ca, Remark 2.51) is true then the as- 
sertion depends on the classification of surfaces with canonical map composed 
with a pencil, q = 2, and non surjective Albanese morphism. 
In fact x(X) = 3, so Ki = 3x(X) then by the conjecture of Severi the image 
of the Albanese morphism is a curve; but by [Kl, Theorem 3.61 this case does 
not occur. 
We will give two proofs of Proposition 3.4. 
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First proof. Since ]2Kx) is known to be base point free (see [CaCi]), we shall 
derive a contradiction by showing that: 
(1) the base point p of ~Kx] is a base point of 12K~]. 
Clearly (1) is equivalent o 
(1’) 3E is in the fixed part of \2K.y]. 
Notice that ]2Ks -F] = 15F + 8EI: by intersecting with E we obtain: 
]2Ks - F] = 3E + /5F + 5El. Therefore (1’) follows from 
Claim. 12Ksl is spanned by ]2Ks - F] and ]Fl. 
In turn the previous claim is equivalent o 
(1”) f*wi F @F= ,(3,1 (a;) with ai # OV’i. 
We can assume that al < uz 5 . . 5 ah. By Lemma 3.2 (iv) the map 
Sym’(&s) -f*wz . is injective. Since Sym2(f,ws) = 3c3,1(-4) @ 20,1(l) $ 
O,I (6) then a4 > 1, &j > 6. Therefore (1”) is proven if us < 0, e the image of 
H”(2Ks) + H”(O~(2Ks)) has rank 3 @ h”(2Ks - F) = 8. 
But h”(2Ks - F) = lz0(5F + 5E) = h”(Ks + 2F + E) and we have an exact 
sequence: 
0+0s(Ks+2F)+0s(Ks+2F+E)+0E+0. 
By the Leray’s spectral sequence h”(Ks + 2F) = 8 and h’ (KS + 2F) = 1, by 
Ramanujam’s theorem we have h’ (KS + 2F + E) = 0 so we have the thesis. 0 
Second proof. Our second proof is similar to the proof of [CFM, Proposition 
2.41. In particular we will use the following interesting lemma: 
Lemma 3.5. Let p E Pit’(X) - (0) undlet Cu curveon Xsuch that C’ > 0. Then 
/iic is non-trivial. 
Proof. See [CFM, Proposition 1.63. q 
We recall that we want to show that there does not exist an irregular surface 
with pg = 4, K$ = 9, q = 2 and IK x composed with a pencil. We will use the I 
notations of Proposition 3.1. Let Cl, Cz, C3 E P three generic smooth non- 
hyperelliptic curves such that: 
Let p E Pit’(X) a general point. We claim h”( Cl, 0~~ (Cl) @ CL) = 1. Assume 
that this is true. Since C’f = 1, a non zero section in H”(Cr, c3~,.(Cr) %I p) = C 
has a unique zero-point zjl on Cr. So we have a morphism h : Pic’( X) + Cl 
mapping the general p E Pit’(X) to zIL E Cr. By Lemma 3.5, h is dominant, but 
this is a contradiction because Cr has genus 3. 
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Now we show our claim. Since Cr is not rational it is sufficient to prove 
that hO(X, ox(Ci) 8~) > 0. We argue by contradiction assuming that 
h”(X, CJx(Ci) 18 CL) = 0. Since pg = 4 and q = 2, we have X(CJx(Cr) @CL) = 2, 
and then by Serre’s duality h’(X, Ox(C2 + Cs) @ p”) = h2(X, Ox(Cr) @ k) > 2. 
Since Ci is not hyperelliptic ho( Ci , UC, ( CZ + Cj) @ ,u”) 5 1. Since 
H”(X, Ox(C2 + C3 - Cl) 8~“) N H”(X, C?X(CI) BP”) = 0 we obtain the 
desired contradiction through the exact sequence: 0 --+ H”(X, (C2 + Cs- 
C1)~~“)~H~(X,(CZ+C3)~~“)~~o(C,,C?C,(~Z+~3)~.v)--,~. 0 
The regular case 
In this paragraph we will use the previous notations, but we suppose that 
q(X) = 0. We turn to the fibration S f [Fp’ given by IFI. 
Lemma 3.6. f,ti~ = C&I (-1) $0,1(-l) @ C?,I (3). 
Proof. 
Since q(X) = 0, by the adjunction sequence: 0 + 0s(Ks) + 0s(Ks + F) --+ 
WF -+ 0, we have H1(S,C3s(Ks)) = 0. Hence HO(S,Bs(Ks +F)) + Ho 
(F, Or(wr)) is surjective. By Serre’s duality H2(S, Os(Ks + F)) = 0. Then we 
easily get: (i) H’(S, Os(Ks + F)) = 7 and (ii) H’(S, c?s(Ks + F)) = 0. By a Fu- 
jita’s theorem [Fu, Theorem 3.11 and the decomposability of vector bundles on 
[Fp’ we have: f,Ks = U,I (a - 2) @ C?,I (d - 2) CD C&I (c - 2) with 0 5 a I d 5 c. 
Let V be the subbundle off* Ks generically generated by H” (f*Ks). Since / KsJ is 
composed with a pencil then V has rank 1. In particular a < 2, d < 2 and c > 2. 
By the spectral sequence for the morphism f we have H’(S, Ks) = 0 + 
H’(f,Ks) = 0. Since hO(f,Ks) = h”(S, Ks) = 4 then a + d + c = 7. It is now 
easy to check that a = d = 1 and c = 5. 0 
Now we consider the rational map given by 1 Ks + FI. 
Lemma 3.7. Zf 5’ 3 P(@(S, Ks + F)*) = P6 is the map induced by IKs + FI 
then 4 is a morphism. Moreover 4 contracts only E and the -2 rational curves 
contained in the$bres. 
Proof. It is easy to see that lKs + FI has not fixed part. By Proposition 3.3 
IKs + FI has not base points. Let C be a curve in S such that 4(C) = a point. 
Since \Ks + FI is without base point we have (Ks + F)C = 0 hence 
(a*(Kx + D))C = 0 and then (cr*(Kx + D))a*a,C = 0, that implies 
(Kx + D)o,C = 0. Since K,Y is nef we have 6) Da,C = 0 and (jj) a,CKx = 0. 
From tj) we see that 0 * C is in a fibre D and the simple base point of JDI is not 
on g* C. By tjj) and Lemma 3.2 (iv) we conclude. Cl 
We need more on 4. By Proposition 3.1 we know that the generic F is not hy- 
perelliptic. Let T be the tautological divisor on P = P(c?,, @ 0,1 @ O,,(4)) 
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and PzlPp6 the morphism induced by ITI. The sheaf homomorphism 
f’%(%(& + F)) + os(& + F) gives a rational map h : S --+ P which re- 
stricts to the canonical map on F and $0 h = 4. 
Corollary 3.8. Let S 5 P be the rational map obtained above and Y = h(S). 
Then h is a morphism, Y E 14TI andwy = c?r( T + 211) Mjhere WY is the dualizing 
sheqf: 
Proof. h is clearly a morphism. In fact since VF E IFI F is 2-connected and 
the sheaf UF(& + F) 21 CJF(KF) is generated by the global sections then 
f’ft(%(& + F)) + %(& + F) is surjective and thus h is a morphism. 
Since S is irreducible then h(S) E 14T + aI71 where 17 E P2 is the fibre of the 
canonical projection P + P’ and a 2 0. We recall that T’ - 4IlT = 0. We put 
d(S) = Yr c P6. Since P 4 [Fp6 is birational on the image, and $ o h = C$ then 
deg(Yl)=(4T+aII)T’=16+a. Since (K~+F)~==162 deg(Yr)>16+a 
we have a = 0. 0 
We will construct explicitly the morphisms h, 4, VJ and we will find a useful 
equation defining Y in P. 
Lemma 3.9. (i) h’(S,K,s + F - E) = 6, (ii) h”(S,Ks + F - 2~) = 5 and (iii) 
h’(S, KS + F - 3E) = 5. 
Proof. (i) It is a restatement of Lemma 3.7 (ii). By the injection (4FI + 
IKs + F - 2EI we have tj) h”(S, KS + F - 2E) > 5. Let F be a generic fibre 
and P,c=F~IE. By Proposition 3.1 F is nonhyperelliptic so 
h”(F,C3,(K~ - 2PF)) = 1. Then by the cohomology of 0 --+ c?s(Ks - 2E) + 
O,y(Ks + F - 2E) + OF(KF - ~PF) + 0 we have: tjj) h’(S, KS + F - 2E) < 5. 
(iii) Obvious. Cl 
Let < E H”(S, C’s(E)). By Lemma 3.9 we have the following injections amon 
ok 
vector spaces: H”(S, 4F) 5 H”(S, KS + F - 3E) -% H”(S, KS + F - 2E) ---+ 
H’(S, KS + F - E) 5 H’(S, KS + F). Summing up we have a basis of 
H’(S, c?s(Ks + F)) of the following form: 
i = 0,. . . ,4 where (~$~ai,) is a basis of @(S, Os(4F)) and (@idi<3, 7) where 
is a basis of H’(S, c3s(Ks + F - E)). 
Observation 3.10. We can choose 17 such that E n supp(div(q)) = {PO}. 
Proof. Immediate consequence of Lemma 3.9 since (KS + F - E)E = 1. 0 
Observation 3.11. We can choose p such that E fl supp(div(p)) = 0. 
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Proof. By Lemma 3.9 (i) since (KS + F)E = 0. 0 
Let X0, Xi E r(P, C+( 7’)) and X2 E r(P, 0p(T - 417)) be some sections giving 
projective coordinates on II. We can now define S 5 P explicitly: 
Since h(S) = Y E 14TI then it has the equation: y = Ci+j+k=4 u+X~X~X~ = 0 
where a$ E r(P, @(4k17)). We now pull back y through h, thus on S we have 
the following relation: y’ = cj+,i+X_=4 @,k(n<)i$<4k f 0. 
We restrict it on E and we obtain the identity: ~040~~ = 0 hence, by Ob- 
servation 3.11 ~2040 = Oandy’= <(xi+j+k=4 @$.$&<4k’i-‘) = 0, wherej # 4. 
Therefore on S we have Ci+j+k=4 u+nipjf4k+i-’ = 0. We put n = 41i + i - 1 
where j # 4. Since 0 5 i I: 4, if d 5 2. then d determines k and i thus also j. By 
induction on d = 0, 1,2 as above we obtain aiio = 0,O < i < 4, 0 < j < 4. Now, 
since Y is irreducible, we can suppose a400 = 1 and y’ changes into 
_I)” = q4 + c uijkrllpJ<4(k-‘) s 0. 
i+j+k=4 
l3;4 
Observation 3.12. a031 is a degree 4 homogeneous polynomial with a unique 
zero point. 
Proof. We have that a031 # 0 otherwise restricting y” on E we obtain 
(V4 + UO31P3),E = 0 contradicting Observation 3.10. In particular by Observa- 
tion 3.11 we have 4diu(qE) = diw(ao3I),, which, by Observation 3.10, is the 
statement of the lemma. 0 
Let (1,0) E Pi the zero point of ~031; thus ~2031 = ut4 with a # 0. We put 
FO = ,f* { (1,O)) and DO 5 FO the component of FO such that ED0 = 1. 
Observation 3.13. There exists a neighbourhood U of PO = E f? Fo with local 
coordinates (r, <) such that U n FO = {t = 0) and U n E = {< = 0). Moreover 
on U we have: 
y/(f, i) = A(t) + <G(r, C) 
where A(t) and G(t, <) are holomorphic functions with ordp,A = 1 and 
G(0, 0) # 0. 
Proof. Let t = 0 be a local equation of Fo. Since ED0 = 1 and diw(r))E = 1 then: 
{(t, 47 1 rl(t, C) = 0, c = 0) = (F-4 0)) = {PO>. 
In particular A(t) has a unique zero point in t = 0. Since HO(Fo,wF,) = 
CC,“,+ ~?CIF~? PIFJ we have: ff”Pol WFo - 2p0) = (C1$O, ~~~J<IFJ. 
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Now if G(O,O) = 0 then H’(Fo,ti~, - 3Po) = (<,F”, ~~FO/C,~O), contradicting the 
following observation. 0 
Observation 3.14. hO(Fo, WF,, - 3Po) = 1. 
Proof. By Serre’s duality and Riemann-Roth on singular curves it is sufficient 
to show that h”(Fo, WF,, - PO) = 2, but this is immediate consequence of Prop- 
osition 3.3. 0 
Remark. In the proof of Observation 3.13 we showed that FO is hyperelliptic. 
Lemma 3.15. The coeficient ~21 of the equation defining Y satisfies: ~121 # 0 and 
ordp,,al?l = 2. 
Proof. Since E n supp(div(p)) = 0 then plU = Al(t) + <I$ (t, I) where Ai is no- 
where vanishing on U n {C = 0). We restrict _r” on U, thus by Observations 3.13 
and 3.12 we have: 
0 = (A + <G)’ + d(A, + @I)’ + w(tK(A +@)(A1 + <N2 + C’(. . .) 
that is, ‘expanding’ in < 
0 5 A4 + at4A; + +C(4A3G + 3at4AfB, + a,?, (t)AAf) + <I(. .) 
Now we restrict on En U and we obtain A4 + at4A: = 0 hence 
4AZG + 3at4AyBI + a121AA: s 0 on En U. Since ordP,,(at4ATBi) 2 4 then 
ordp,,al2l(t)A(t)Af = 3 otherwise ordp,A3G > 4 contradicting Observation 
3.13. Since ordp,Ai = 0 and ordp,A = 1 we have ordp,alzi = 2. 0 
Let us recapitulate here what has transpired so far: 
Lemma 3.16. There exist a coordinate system on P’ such that Y c P has an 
equation of thefollowing,form. 
(I) y = X,4 + ut;X,% + t;b(to, t,)XoX,‘X, + 1 a&,, tl)Xd’X#’ = 0 
n#zeve i +j + k = 4, (i,j, k) # (1,2,3), k > 1, j # 3,4, b(to, tl) E H”(P,217). 
b( 1,O) # 0 und a E C - (0). 
The form of Equation (I) is very interesting. In fact we have: 
Lemma 3.17. Let F(.uo, Xl, X2) E @[X0, X1, X2] be an honzogeneouspolynomiuf q/ 
degree 4 of the following form: F = X$ + ax: X2 + c a+XdX/ Xf, where k > 1 
andj # 3,4. If a # 0 then F has not multiple components. 
Proof. The proof is an easy check. 
As an example we show that if Q is an homogeneous polynomial of degree 2 
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then F # Q2. We put Q = Ci+j+k=2 b+XiX{X,k. Since in F does not occur 
Xp, then F = Q2 =+ b020 = 0. Since in F does not occur the monomial X:X:, 
thus, the condition bazo = 0, implies bllo = 0. If b020 = bllo = 0 then the 
monomial XtsX2 does not occur in Q2. 0 
The apparently innocuous Lemma 3.17 is important for our purpose. 
Let S 5 C 4: Y c P be the Stein factorization of the morphism S 5 P’. By 
Lemma 3.7, c is a morphism contracting the -f-curves on 5’. 
Observation 3.18. Let C 5 P’ be the morphism induced by S - “ P”. If C, is the 
generic fibre of g then Et is irreducible. 
Proof. Combine Lemmas 3.7 and 3.2. 0 
Observation 3.19. Let r = fIlr be the restriction on Y of the fibre P -+ Pi. We 
have 
h,ws = Oy(-3r) ~8 WY. 
Moreover Qy(-3T) is the conductor associated to the normalization of Y. 
Proof. Since c can contract only -2 rational curves we have ctws = w,r. By the 
definition of the conductor, J, of a normalization morphism, V, we have 
V*(WC) = Jwr, hence we conclude by Corollary 3.8 Cl 
Lemma 3.20. There exist at most one curve in the singular locus of Y. Moreover 
its support lies on thejbre { tl = O}. 
Proof. First we observe that there are not curves transversal to the fibres in the 
singular locus of Y. In fact, in this case, on the normalization C, we have a fi- 
bration of genus < 3, while Y is birational to S. Suppose tl # 0. By Lemma 3.16 
we know that Y,, has an equation like that in Lemma 3.17, so it does not have a 
multiple curve. Cl 
Observation 3.21. Let P’ 3 P” be the canonical projection. Let C -% Y c P be 
the normalization morphism and CO the fibre in C over YO = rrr. { (0, 1)}, then 
u*wy = u*CJy(T + 211r,,) = 3Co + KS 
Proof. By Corollary 3.8 we have u*wy = v*C?r(T + 21irlr). By Lemma 3.7 
h,ws = v,c,ws = V,WC. By Observation 3.19 h,ws @ c?y(3r) = WY then u*wr = 
u*(u,wz @ 0r(3r)). The statement now follows from Lemma 3.20. 0 
Proposition 3.22. We use the same notations of Observation 3.21. There are only 
the following cases for the singularfibre Yo: 
(A) YO = L: where LO is a straight line of multiplicity 4 on Y, or 
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(W Yo = e’, h w ere Q . 0 1s a smooth conic and every point P E YO of the generic 
hyperplane section of Y has tangent branches on Yo. 
Proof. By Observation 3.18 WE, is irreducible for every t, then supp( Yo) is 
irreducible, thus supp( Yo) is a straight line or a smooth conic. Let supp( Yo) be 
a smooth conic. By [K2] we know the resolution of this singularity if YO is an 
ordinary double conic. Then by Observation 3.21 and [K2] we have that YO is 
not an ordinary double conic. Moreover by Observation 3.21 we obtain that 
every double point P on YO of the generic hyperplane section of Y has tangent 
branches on Yo. 0 
Remark. The singular type of YO is the main point of our analysis. We remark 
that the ‘generic’ singularity for a relative quartic in a IIP*-bundle is an ordinary 
double conic see [K2]. We now prove that both cases (A) and (B) are impossible. 
In the sequel, by abuse of notation, we will not distinguish between LO, Qo and 
their respective equation. 
(A) Let P’ $ P’ be the canonical projection DO = r-i ((0, 1)) and 
LO = 170 n Y. We put LQ = (~0x0 +plX~ +p2X2} with p0,pi,p2 E C. From 
Proposition 3.22 (A), Y has the following equation: 
where t = tl/to and P E T(P,0p(4T - II)). By Lemma 3.16 we have pl = 0, 
pi = 1. We recall that Y = h(S) where h*Xo = q<, h*Xl = p, h*Xz = c4. We pull 
back _v on S and we restrict it on F,-, = h-‘ITo. It follows (Cn + rC4)b0 5 0 and so 
((7 + rc4),Fo s 0. By the proof of Observation 3.13 we have (<-‘q + rC2),F, s 0 
that is, with the notations of Observation 3.13, G(0, <) + r<’ E 0 contradicting 
Observation 3.13 because G(O,O) # 0. 
(B) We rewrite the equation of Y in a suitable manner: 
where PF’ are homogeneous polynomials of degree 3 in X0, Xi and k - 1 in X2. 
Let YO = Qt where Qi is a smooth conic. By Lemma 3.16 we have YO congruous 
X$(modX2) hence Qo = {X,” + X&O = 0) where now & is a straight line in 
170 E P*. Since Q,’ is a fibre then yin, = X$ + X2 Ci=, Pi.“(Xo, XI, X2) = Q,‘. 
Since multp,( Y) = 2 then: Qo 1 (a/at,)glt, =O # Qo 1 Ci=, Pi” but this is 
equivalent o the existence of L such that: 
(ii) 5 PC’ = QoL. 
x-=1 
Weputt=ti/toandR=C;f=, Pr’. 
By (i) and (ii) the equation of Y is now the following: 
(II) y = Q; + tX2QoL + t2X2R + t3(. . .) 
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Let p 1, P be the blowing up with center: C = { tt = 0, QO = 0) and Y the strict 
transform of Y. We put F’QO = Ct. With the exception of the point 
{tt = 0, Q. = 0, X2 = 0} E P we have that (Qo, t, X2) gives a system of co- 
ordinates in a neighbourhood W of the center (even if, strictly speaking, QO and 
X2 come from sections on P). Then T-‘(W) = V n V where (t, U, X2) and 
(Qo~ V, X2) give a system of coordinates respectively on V and V. 
Observation 3.23. On V we have t = uQ0. On V we have QO = ut, and the 
equation of Y n U is 
z.? + uX2L + X2R + t(. . .) 
where CI = {tt = O}. Moreover Ctli = YO has the following equation in 
C, n v: 
u2 + uX2Lls, + X&, = 0. 
Proof. Easy substitution. Cl 
To finish our non-existence proof we need other informations about the poly- 
nomial R. We will obtain them through a suitable interpretation of the ‘coeffi- 
cients’ XzLlc, and XzR,_, r as sections on Cl. We need to analyse the blowing up 
7. 
Analysis of T 
Since the normal bundle of Qo in P is 
then by [GH, p. 6041 Ct &z P(C),, @ 0,1(4)). Let A, be the ‘fixed’ section, r the 
fibre of the canonical projection Cl ---) P’, -_o E r(Ct, A, + 4T) and 
cx E r(Ct ~ A,), two sections such that they restrict to a system of projective 
coordinates on r. 
Observation 3.24. Fix, E 2& + 82”. 
Proof. We will first show that C, I ,r, = -A%. Since 0~~ (I$) 1: O,I (-6) then 
by adjunction 
Kz, = (r*K - P,,,) + 2C1 /c, - -61” + 2C, ,c,. 
On the other side Kz, z -2& - 61^, so Cr I =, = -A,. 
Since Y = 7*(Y) - 2x1 z r*(47’) - 2Ct then Y,c, = T*(~T),~, - 2Ct,r, = 
82”+24,. Cl 
Observation 3.25. Let II’0 c P be the fibre of P -+ P’ containing Qo. Let fro be 
the strict transform of Ilo. Then (a) Cr n fro = & and (b) Y n fro = 0. 
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Proof. (a) Since r*L70 = firs + Cl, and r*+, = 0 then fro,,, = -Cl,,, = &. 
We now prove (b). The equation of 170 in W c P is t = 0 and by Observation 
3.23 t = VQO is the blowing up on V c P. By an easy substitution in (II) we 
obtain the equation of Y n V : 1 + w(. . .) = 0. Since fro = {U = 0) we have 
tb). 0 
Remark. By Observation 3.25 (b) we can choose zo such that 24 = zo on Cr n U. 
Lemma 3.26. There exists 31 E H”(C,, A, + 441”) such that C, = {z, = 0) c Up, 
is irreducible and ?o = 2C1. 
Proof. By Observation 3.24 YO is a double covering of A,, then supp( Yo) is 
irreducible or by Observation 3.23 it has two components which do not inter- 
sect Ax. Since the fibres of the normalization C of Y are irreducible supp( Yo) 
is irreducible. By Proposition 3.22 we know that YO is in the singular locus of Y. 
Now if YO is reduced then by Observation 3.23 and an easy count it is not in the 
singular locus. The only possibility is then YO = 2Ci. Since Pic(Ci) = Z $ Z 
then by Observation 3.24 Ci is the support of zi E H’(Ci, A, + 42”). 0 
Corollary 3.27. We use the previous notations. There exists X E H’(P’ , c3,t (4)) 
such that -_I = 20 + Xz, and ?O = ((~0 + Xz,)’ = 0). 
Proof. Obvious. Cl 
Now we can give a suitable interpretation of the ‘coefficients’ X2L and X2R ap- 
pearing in Observation 3.23. In fact keeping the notations of Corollary 3.27 we 
have: 
Observation 3.28. (a) X2& = 2X, (b) X7B~C, = X2 and (c) Xl 1 R(modQo). 
Proof. (a) and (b) follow from Corollary 3.27 and Observation 3.23. By (a), X2 
divides R modulo Qo. 0 
Now we turn to the equation y of Y in P. Since X2 ) R(modQo), we can write 
R = X2,4 + QoL’ where A and L’ are suitable sections. Substituting in (II) the 
new expressions of R and of Q. = Xo2 + X2&, we obtain: 
v = Q,' + tX?QoL + t2X2R + t3(. .) 
= Q; + tX?QoL + t2Xz(X2A + +QoL’) + t3(. . .) 
= (X,’ + X2Lo)’ + [X2(X; + X2&)L + t2X2(X2A + QoL’) + t3(. . .) 
= x,4 +x,2x2(2& + tL) + ?2X2(X; + X2Lo)L’ + X,‘(. . .) + t3(. .) 
= 0. 
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Proof of the non existence of regular surfaces withp, = 4, K2 = 9, and canonical 
map composed with a pencil 
We argue by contradiction. Let X be a surface with canonical map composed 
with a pencil, pg = 4, q = 0, K2 = 9 and let T be the hyperplane section of 
P(c?,, @ opl $ c3,, (4)). W e s h owed that X is the minimal model of Y E 14TI 
with equation: 
and i +j + k = 4,j # 3, k 2 1, a # 0, b( 1,0) # 0 (see Lemma 3.16). 
On the other side we have just seen that Y has the following equation: 
(11) 
i 
I’ = X,4 + X;X2(2LQ + tL) + tQ&Yo” + &I& 
+ X,‘(. .) + t3(. . .) = 0 
where t = tl/to. We remark now that the monomial tfA’&:x2 occurs in (I) but 
not in (II); a contradiction. By Proposition 3.4 we deduce: 
Proposition 3.29. There does not exist a surface with ps = 4, q = 0, K2 = 9 and 
canonical map composed with a pencil. 
4. CONCLUSIONS 
The following interesting theorem is a consequence of our result: 
Theorem 4.1. LetX be a surface of general type with pg 2 3 whose canonical map 
is composed with a pencil. Then K$ 2 4p, - 6. 
Proof. Immediate consequence of Propositions 2.8,2.9 and 3.29. 0 
This bound is sharp. In fact in [Xl, Corollaire 3, p. 731 Xiao shows that for 
every ps > 2 there exist a class of surfaces with Ki = 4p, - 6 and [Kxl com- 
posed with a pencil of fibres of genus 2. It is worthy of notice that in [Ho21 
Horikawa classified the surfaces with ps = K,? = 2 and canonical map com- 
posed with a rational pencil of nonhyperelliptic curves of genus 3. Now for 
pg = 4 there are not surfaces with canonical map composed with a pencil of 
curves of genus 3 and K$ = 4p, - 6. We can say even more: 
Proposition 4.2. There does not exist a surface with pR = 4, K$ = 10 or 11 and 
canonical map composed with a pencil of curves with arithmetical genus = 3. 
Proof. By Proposition 2.5 we have b = 0; then Kx E 30 + Z’. By Proposition 
2.6 we have D2 > 0. Since 
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11 or 10=K~=9D2+(Kx+3D)Z 
then D’ = 1 and so (Kx + 3D)Z = 3 or 2. By [Bo, Lemma l] DZ > 0. Thus we 
can consider only the case K$ = 11, that is DZ = 1. By adjunction 
4 = KxD + D = 4D2 + DZ = 5; a contradiction. Cl 
We end this paper with a result improving Beauville’s [Be21 and Konno’s esti- 
mate [Kl, Lemma 3.31 (see also [Ca, Theorem 2.31). 
Proposition 4.3. Let X be a surface with canonical map composed with a rational 
pencil, f : X -+ P’, of curves D of genus > 2. Zf q(X) = 1 then Ki > 4p, - 3. 
Proof. Since b = 0 and q = 1 then by Proposition 2.6 we have Ki 2 4p, - 4. 
Suppose that Ki = 4p, - 4. Moreover to eliminate inessential considerations 
about base points we supposep, 2 6. Let (Y : X + Alb(X) = A be the Albanese 
map and H the general fibre of o, which is smooth and irreducible. We put 
h = g(H). Since b = 0 then Kx - (pg - l)D = Z’ is effective. We remark that 
HD > 2. Now H’ = -0 then by adjunction we have: 
O<(Kx-(pg-l)D)H=2h-2-HD(pg-l)I2h-2-2(pR-1). 
Hence h > pg. On the other hand by [X3, Theorem 21 we have Kj > (4 - 4/h)p, 
thus Kj > (4 - 4/pg)pg = 4p, - 4. By our hypothesis we have h = pg and 
HD = 2. We put Y = P’ x A, 7r = f x cx and let Y 3 P’. Y 2 A be the cano- 
nical projections. Since HD = 2 then 71 is a double covering. By general theory 
of double coverings we know that the branch locus n of x is 2-divisible in 
Pic( Y). Let 6 E Pic( Y) such that A E 1251. Since h = ps and g(D) > 2 we have: 
6 - $((Pg + l)P) + G(77). 
where N denotes the numerical equivalence, P E P’ and n E Pit(A) has 
deg(q) > 2. Moreover KX = n*(Ky + 6) and H”(X, Kx) M H”( Y, Ky) gi 
H”( Y, KY + 6). Since h”( Y, KY) = 0 we have H”(X, Kx) = n*(H’( Y, KY + 6)). 
On the other side since deg(q) > 2 it is not difficult to see that the image of 
@iRr +(jl is a surface, thus @I~.~, is not composed with a pencil: a contra- 
diction. 0 
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